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ABSTRACT

This paper introduces a new method for fleshy simulation,
by obtaining the closed-form expressions of eigenvalues and
eigenvectors of all components of the system to directly project
the Hessian to semi-positive-definiteness. This is a new ver-
sion of the Neo-Hookean elastic model, which maintains the
fleshy appearance of the Neo-Hookean model. It helps to
deeply understand the numerical behavior of materials, ex-
hibits superior volume preservation, and is robust to extreme
kinematic rotation and inversion. We made an improvement
based on assignment 3 (finite element 3D model), which uses
the finite element method under the tetrahedral structure. We
mainly optimize strain energy formulas and use stable Neo-
Hookean elasticity to achieve the optimization of hyperelastic
energy density. These findings also provide information for the
design of more complex hyperelastic models, and we provide
an extensive comparison with existing material models.
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INTRODUCTION

For visual characters, we should carefully choose elastic en-
ergy, since it determines the visual quality of a simulation for
model deformations. Volume preservation is the defining qual-
ity for biological tissues such as muscle and fat, selecting in
their high Poisson ratios v € [0.45,0.5) [Greaves et al. 2011].
Most materials have Poisson’s ratio values ranging between
0.0 and 0.5. However, for soft materials like rubber, where the
bulk modulus is much higher than the shear modulus, Pois-
son’s ratio is near 0.5.

However, it is well known that this approximately incompress-
ible region is difficult to simulate reliably and accurately, and
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many existing production techniques still can’t figure it out.
For instance, the popular co-rotational model for elasticity
[Chao et al. 2010; McAdams et al. 2011; Miiller et al. 2002;
Nesme et al. 2009] ostensibly supports materials within this
range, but it fails to preserve volume, instead, it collapses the
trapezius muscle and forms false folds around the scapula.
The co-rotational model for elasticity linearizes the volume
term through a compromise between its volumetric properties
and its visual results. Moreover, force filtering approaches
[Irving et al. 2004; Teran et al. 2005] introduce additional
user parameters although they inherit the visual quality of the
Neo-Hookean model.

Therefore, we propose a novel Neo-Hookean energy that re-
tains the rich volume characteristics of biological materials
and does not need to introduce additional filter parameters.
We applied our method on assignment 3 to optimize the finite
element method since FEM is difficult to analyze nonlinear
systems.

Our model exhibits better volume preservation when com-
pared to the FEM model in assignment 3, and performs well
in a wide range of Poisson’s ratios v € [0,0.5). Additionally,
it is robust to extreme kinematic rotation and inversion. At
present, our model is better than all existing models and has
more advantages, so it is very competitive.

We obtain these properties by analyzing the Hessian function
of energy and obtaining the closed-form expressions of eigen-
values and eigenvectors of all components of the system. Then
the eigendecomposition can be written into a set of compact
expressions and project them back to semi-definiteness and
isolate indefiniteness. Therefore the energy can be safely ap-
plied to a Newton-type implicit integration scheme, which is a
linear solver based on conjugate gradient.

Although we are driven by the Neo-Hookean model, which is
relatively unpopular with other models, it is general enough
and supports any model calculated according to the first and
third invariants of the deformation gradient.

As a preliminary example, we showed how to extend it to
assignment 3(finite element method). Then we compare the
existing hyperelastic energies in detail.

RELATED WORK

The research on flesh simulation has spanned decades, but
most models can not realize preserve volume or are too com-
plex that require many parameters. Therefore it has no di-
rect relationship with our method. A major disadvantage of
nonlinear hyperelastic energies is that they usually contain
singularities. Early work on deformable simulation [Hirota et
al. 2001] detected these "illegal" states and carefully avoided
them using backtracking line search, but these searches are
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Symbol Definition
F=RS polar decomposition
J = det(F) Relative volume change
C=F'F Right Cauchy-Green tensor
Ic =tr(C)  First Right Cauchy-Green invariant

Table 1. Quantities derived from the deformation gradient F

difficult to perform robustly. In Section 4, we compare our
work with the finite element method in assignment 3.

METHOD

For the project, we use a tetrahedron as the basic space
volume. Therefore we apply finite element method upon it.
We extract the 4D vector which contains the values of the
shape functions for each vertex at the world space point x
(assumed to be inside the element).

Also, we use hyperelastic energy density ¥ To represent
the elastic behavior of deformable bodies and use the first
Piola-Kirchhoff (PK1) stress tensor to derive force. In
assignment 3, we use ¥y = %(J_%IC ~3)+ 40— 1)
[Bower 2009], and we improve the flesh simulation by using
¥p=50c—3)+ %(J — 1)2, which can achieve inversion
stability, reflection stability, rest stability, and meta-stability
under degeneracy. Please refer to tablel for the quantities
derived from the deformation gradient F.

Moreover, we use the skinning to translate the motion from
low resolution armadillo tetrahedron mesh to the high res-
olution rendering mesh in the file build_skinning_matrix.cpp.

Existing Neo-Hookean Energies

There are few version of Neo-Hookean elasticity:

(1) Wreo = 5 (Ic = 3) — ulog) + %(logJ)Z[Bonet and Wood
2008]

()4 = 4 (Ic —3) — plogJ + 4 (J — 1)? [Ogden 1984]
(3)Wp = L(J 3l —3)+4(J— 1) [Bower 2009]

O %(J’%Ic -3)+ %(Jf 1) [wang and And 2016]

Equation (1) is the most common version, and assign-
ment 3 uses equation (2). We examine these energies
according to the Valais Landel hypothesis [Xu et al. 2015],
which assumes that many hyperelastic energies can be divided
into length (1D), area (2D), and volume (3D) components.
The above model includes length and volume terms but does
not contain area terms.

Modified Neo-Hookean Energies

1D Length Term: Mooney [1940] originally proposed the en-
ergy which was later dubbed the “Neo-Hookean” energy by
Rivlin [1948]:

(5)¥m = 5 (Ic —3)

Equation (5) has the hard constraint that J = 1, therefore the
energy is minimized at the volume holding configuration clos-
est to the origin of the stretched space. Also ¥y, performs

well under inversion. The energy relative to the zero volume
configuration is always clearly defined, independent of the cur-
rent state of the element. However,%p and ¥ introduces the
numerical problem of unbounded growth under compression,
it has the limitation that it will become undefined when J = 0.
So Wy, is our choice for a modified energy. And that’s how
we improve finite element method in assignment 3.

3D Volume Term:

(6) lIlNeo,volume = —H10g1+ %(IOgJ)Z

It becomes infeasible for J < 0 except growing unbounded
as J — 0, however, any algorithm with a logoarithm will
have the same problem. So we will not consider W4 yo1ume =
—plog] + 4 (J—1)2, and instead ¥p yorume = 5 (J — 1)? is
bounded, well-defined, and invertible, and these terms have
been used [Martin et al. 2011; Teschner et al.2004] to avoid
the need for any inversion processing.

Therefore, equation 7 is the optimize equation so far, but it has
some disadvantages we should mention about.

(N¥p =45(Ic—3)+5(—1)?

Key Drawback of ¥p

Yp="5(1Ic—3)+ %(J —1)? lacks rest stability although it
achieves inversion stability. Wp satisfies hyperelastic energy
vanish at identity, however, it doesn’t ensure that PK1 resolves
to 0, which is a true indicator that the energy has reached its
extreme value. Therefore it will lead to the problem that when
the body is at rest, a force occurs and the expected rest state
is overwritten with different parameter-related states. If we
reduce the visual appearance of artifacts by greatly increasing
A(e.g. [Blemker et al. 2005] suggests 1000u), it excludes
artifact-free simulation of materials with low Poisson’s ratio,
and it will increase the uncertainty of the Hessian curve.

The problem is that the effective rest state coincides with a
smaller J, causing an element to deflate slightly. Therefore,
we can consider whether each element can be inflated to make
it stable at J = 1 during deflate.

RESULT

We compared the two methods of the strain energy density. To
be exact, one is ¥z = %(J_%IC —3)+4(J = 1)? for assign-
ment 3 and the modified version is ¥p = & (Ic —3) + 4 (J -
1)2. In our experiment, we can see the obvious difference. As-
signment 3 can’t preserve the volume and will explode because

of serious deformation. In these experiments, we processed
the data to illustrate the stability of the new algorithm.

Flesh Simulation

From figure 1 and figure 2, we can notice that the finite element
method in assignment 3 can’t maintain the fleshy appearance
of the Neo-Hookean model, and the finger is deformed and
cannot come back. If you pull a little harder, the visual charac-
ter will explode. Instead, the new Stable Neo-Hookean model
exhibits superior volume preservation and is robust to extreme
kinematic rotation and inversion.

SUMMARY
In this research, we have introduced the new version of the
new-Hooke elastic model from modifying the existing model.



Figure 1. Operation of Assignment 3: Unstable

-

Figure 2. Operation of Assignment 3: exploded

Figure 3. Stable Neo-Hookean Flesh Simulation:front angel drag

Figure 4. Stable Neo-Hookean Flesh Simulation:side angel drag

We combine the advantages of the existing model to imple-
ment it, like the Strain Energy density function used by assign-
ment 3. We obtain the closed-form expressions of eigenvalues
and eigenvectors of all components of the system to directly
project the Hessian to semi-positive-definiteness. Moreover,
our model has excellent volume-preserving properties and we
will improve it further by solving the problem in section 4.3.
Please see the authors’ websites for additional supplementary
material.
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